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Problem 31. Let 3 be a root of f. We have f(x)(z — 1) = 2° — 1, so 3 is a primitive 5th degree root of
unity. In other words,ord (3) = 5.

[Alternatively, we have 8° = g4.8 = (8> + B2+ B+ 1)3=1]

Therefore 3 is not primitive in Fyg, and so f is not a primitive polynomial. Now let a be a root of
' + 241, a € Fig. We can take 8 = a®.

The elements 3%, 3, 3, 1 are linearly independent over Fy because f is irreducible. So let us construct
F¢ taking them as a basis.

We obtain

g B B 1 a3 a2 al

0 0 00 0 0 0 00 0
0 0 01 1 b 0 B4 1
0 0 10 B 1 0 00 a3
0 1 00 32 1 1 00 af
1 0 00 B3 T ERRT ) A A1) o
0 0 1 1 B+1 T 0 03 oAt
b T 0.1 B2+1 1 1 01 o8
0 4 18 B2+B 0 1 00 a?
15 0 04 B+1 140 4 A o’
1 0 10 B+8 0 0" g0 a
I & 00 B+ p? 0 1 10 a
g T 11 B+8+1 D 1 01 a8
1 @ 1. 1 B+B+1 g @ A a?
1 1 0 1 B+A2+1 0 1 11 al®
1 4 i1.D B+B82+R t 1 40 ot
1 1 11 pB+p2+8+1 3 & 1 of

For instance, to compute 3 + 1 as a power of o we write 3+ 1 = a® + 1 = a!? etc.

(c) o' is a primitive element in Fyg since (14,15) = 1. Its minimal polynomial is my; = z* 4+ 2% + 1
(verify directly that m7(8+1)=0")
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Problem 34. (a) The number of primitive elements in F39 equals the number of integers between 1 and
30 that are coprime with 31, i.e., 30.

(b) We need to show that none of the polynomials =,z + 1,22 + 1,22 + = + 1 divide f. Since f has no
roots in Fy, only the last two polynomials remain. We can write

f=@+z+ )P +2)+1=+ )+ +1)+1,
proving that f is irreducible.
(c) No, because F3o does not contain elements of order less than 31.
(d) No because 2* — 1 is not a divisor of 25 — 1 (or because of (c)).
(e) We have

4
H(z—ai)=.'1:5+(1+a+aQ+a3+a4)z4+(a+02+ac+a7)13
i=0

t@P+a'+aB+ a0+ (0¥ +a" + 0¥ + 0 + 0z + ald

15I4 +021.’L‘3 +a231,2 A% 0211‘-{-(110.

= :1:5 +a
(f)Wehave o* + a® + a = ag, so the logarithm equals 9.
(g) By (a) y is a primitive element, so its minimal polynomial is of degree 5.

(h) Since v is not a root of a polynomial of degree 4 or less, the elements 1,7, 2,7, 7* are linearly
independent over Fy.

(i) We compute a® =ad+a+ 1, getting (1,0,1,1,0) as the coordinates with respect to the basis

(Lia; a?, a3, at).



